Abstract. We prove a formula of the equivariant ∞-adic special L-values of abelian t-modules. This gives function field analogues of the equivariant class number formula. As an application, we calculate the special values of Artin L-functions for Galois representations.
Introduction and statement of the main results
Let k be a finite field of q-elements and of characteristic p. Let F be a finite field extension of k. For any k-module M and any variable t, let given by M .
Let K be a finite field extension of k(t) and L a finite Galois extension of K with Galois group above p. Let G P be the decomposition group and I P the inertia group of P over p. Then we have an isomorphism G P /I P ≃ G(κ P /κ p ) onto the Galois group of the residue field extension κ P /κ p .
Then G P /I P is generated by the Frobenius element Frob P whose image in G(κ P /κ p ) is the |κ p |-th power map. We have
δ∈G(κp/k) (t − δ(z)) ∈ k[t] ⊂ k((t −1 )).
Let χ : G → F × be a character. Define the ∞-adic L-value of χ at 1 by the convergent infinite product
where Max(O K ) is the set of maximal ideals of O K and where we define χ(p) as follows:
χ(p) = χ(Frob P ) if χ| I P = 1, 0 if χ| I P = 1.
Generally, let ρ : G → GL F (V ) be a representation of G on a finite dimensional F -vector space V . 
, C ⊗n (t)(x 1 , . . . , x n−1 , x n ) = (zx 1 + x 2 , . . . , zx n−1 + x n , zx n + x q 1 )
for any x 1 , . . . , x n ∈ B.
Let V * = Hom F (V, F ). Define a right F [G]-module structure on V * by (ϕg)(v) = ϕ(ρ(g)(v)) for any ϕ ∈ V * , g ∈ G and v ∈ V.
For any left k[t][G]-module M , we get a F [t]-module V * ⊗ k[G] M . Thus we get two finite F [t]-
. Let I P V be the sub-F [G]-module of V generated by gv − v for any g ∈ I P and v ∈ V and let V I P = V / I P V . In this paper, we will prove the following lemma.
Lemma 1.4. We have
Since G is arbitrary, then
O L may not be a locally free O K -module. So we can't use the method of [4] to study L(n, ρ). However,
is a locally free O K -module. In order to study L(n, ρ), we must consider the following convergent infinite product
.
In this paper, we also prove the following lemma.
Lemma 1.5. We have
, V I P [[t
This means that L(n, ρ) and L(C ⊗n , ρ) are equal up to a rational polynomial.
For any matrix (a ij ) over a k-algebra, denote by (a ij ) (q s ) = (a q s ij ). Let M n (O K ) be the ring of n × n-matrices over O K and let M n (O K ){τ } be the ring over M n (O K ) generated by τ with the relation τ P = P (q) τ for any P ∈ M n (O K ). Definition 1.6. An abelian t-module E over O K is a k[t]-module scheme E over O K whose underlying k-vector space scheme is isomorphic to G n a for some positive integer n and the k[t]-module structure on E is given by
such that E(t) = r s=0 A s τ s for some A 0 , . . . , A r ∈ M n (O K ) with (A 0 − zI n ) n = 0. The integer n is called the dimension of E.
Remark 1.7. An abelian t-module E over O K defines a functor
The n-th tensor power C ⊗n of Carlitz module C is an abelian t-module of dimension n. Definition 1.8. Define the ∞-adic L-value L(E, ρ) of E twisted by ρ to be the convergent infinite product L(E, ρ) = p∈Max(OK )
). There exists a unique power series
with X = (X 1 , . . . , X n ) T and e s ∈ M n (K ∞ ) such that e 0 = I n and
We get a continuous and open k[t][G]-linear map
Definition 1.9. Suppose S is a commutative ring. A perfect complex of S-modules is a bounded complex of projective S-modules of finite type. Let D per (S) be the full subcategory of D(S)
consisting of all objects which can be represented by a perfect complex. For any perfect complex
Definition 1.10. Let H be a finite abelian group of order prime to p. Let V be a free
module of finite rank.
(1) A lattice in V is a finitely generated projective sub-
(2) Let Λ 1 and Λ 2 be two lattices of V . Any isomorphism det
Let f be the composite
Then the image of
× does not depend on the choice of the isomorphism
the unique monic representative of
sional F -linear representation of the Galois group of a finite Galois extension L of K. Then
is not commutative or regular, we can't talk about the determinant for any k[G]-modules.
So we must assume that G is an abelian group of order prime to p for the existence of an equivariant
. So in the rest of this section, we assume that G is an abelian group of order prime to p.
of E on L/K is defined to be the convergent infinite product
In this paper, we also prove the following theorem. Theorem 1.13. Let E be an abelian t-module over O K . Let L be a finite Galois extension of K whose Galois group G is an abelian group of order prime to p.
(1) Then Lie(E)(O L ) and exp
of finite rank and
(2) (1.1) holds for any finite dimensional F -linear representation ρ :
Remark 1.14. These theorems generalize the class number formula of [7] for Drinfeld modules and that of [4] for abelian t-modules and the equivariant class number formula of [2] for cyclotomic extension of function fields.
The paper is organized as follows. In section 2, we construct an equivariant version of Anderson's trace formula. In section 3, we construct the theory of equivariant crystals and prove the trace formula of equivariant L-functions. In section 4, we express the v-adic equivariant special values of shtukas in terms of the determinant of the extension groups of shtukas under some local analytic conditions. In section 5, we prove an equivariant class number formula for abelian t-modules. In section 6, we calculate the special values of Artin L-functions for Galois representations.
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Equivariant version of Anderson's trace formula
In this section, let G be a finite abelian group of order prime to p. Let R and A be two k-algebras.
Then π and i are R[G]-linear and π
(1) Then M is a projective R[G]-module if and only if M is projective as an R-module.
does not depend on the choice of the nucleus M 0 of φ. Define 
Definition 2.4. Let R be a finitely generated k-algebra and M a finitely generated R[G]-module.
Proposition 6], C 1 , C 2 , . . . , C n has a common nucleus M n for any n ≥ 1. Then
does not depend on the choice of M n . Define
Theorem 2.5. Let R be a finitely generated regular domain over k of Krull dimension r. Let
We have
Proof. By Lemma 2.1, we may assume G = {1}. For the sequence {τ n } n≥1 , there exists a unique n-th Frobenius operator τ
For any n ≥ 1, let k n be the extension field of k of degree n. For any object F over k, let
Substituting t by t n , we get
and
(−1)
Then we have
Trace formula for equivariant L-functions of crystals
In this section, suppose G is a finite group and A is a k-algebra. All tensors are over k and all schemes are finite type over k. For any scheme X, let σ X : X → X be the morphism induced by the q-th power map on O X .
Definition 3.2. Let A be an abelian category.
(1) A G-module in A is a pair (F , α) consisting of an object F in A and a homomorphism α : G → Aut(F ) of groups.
(2) Let K 0 (A) be the Grothendieck group of A generated by the isomorphic classes 
Moreover, q X is exact and induces a homomorphism
Remark 3.5. Definition 3.1 and Definition 3.3 of τ -sheaves and crystals are stronger than that of [3] .
Under the definition of crystals in [3] , one only get a cohomological trace formula of L-functions up to unipotent polynomials. However, we get an explicit cohomological trace formula of equivariant L-functions of crystals in our setting.
3.1. Inverse image. Let f : X → Y be a k-morphism of schemes and let i ≥ 0. For any
Proof. Factors f = hg with a closed immersion g and a flat morphism h.
Hence we may assume that f is a closed immersion defined by an ideal
It remains to show that F m = 0 for m ≫ 0 and
The problem is local on Y . So we may assume Y is affine. Then we can choose an exact sequence
and hence
By Artin-Rees lemma, there exists m 0 ≥ 0 such that for any m ≥ m 0 , we have
We have K ∩ I m+1 P i ⊂ IK and hence F m = 0 for any m ≥ m 0 . This shows
for any m ≥ 0. Then for any m ≥ 0, we have
There is a unique functor f * : Crys
commutes. Moreover, the functor f
is exact and hence it induces a homomorphism
We have an exact sequence
Thus we get a coherent τ -sheaf
. By the definition of Galois cohomology,
is the i-th homology group of the complex
By Lemma 3.7, we have
3.3. Direct image for proper morphisms. Let f : X → Y be a proper morphism and let
of k-schemes, the natural homomorphism
Proof. Factors g = hι with a closed immersion ι and a flat morphism h. Consider the cartesian
By flat base change theorem, we have a natural isomorphism of O Y ′′ -modules
So we get a natural isomorphism
Then we may assume that g is a closed immersion defined by an ideal I of O Y . For any n ≥ 0, let
It remains to show the natural homomorphism
Then we have a natural isomorphism
It remains to show that the natural map
Also by [5, Theorem 4.
shows that
Then for any m ≥ 0, we have
. This proves ker(α) is nilpotent, which completes the proof.
Corollary 3.10. Keep assumptions of Theorem 3.9. We have a homomorphism
of abelian groups and a commutative diagram
3.4. Extension by zero and proper base change.
Lemma 3.11. Let j : U → X be an open immersion. Then the functor j * : Crys
Proof. By [3, Proposition 4.5.7 ], j * : Crys(X, A) → Crys(U, A) has a left adjoint functor
equivalent to the categories of G-modules in Crys(U, A) and Crys(X, A), respectively. Then
Theorem 3.12. Let f : X → Y be a morphism of k-schemes. Then we can find a proper morphism f : X → Y and an open immersion j : X → X such that f =f • j. Define Rf ! to be the composite
(1) The functor Rf ! does not depend on the choice off and j. Consider diagram (3.1). We have a commutative diagram
(2) For any morphism g : Y → Z of k-schemes, we have a commutative diagram
Trace formula for L-functions. In this subsection, G is assumed to be a finite abelian group of order prime to p.
in Coh τ (x, A) consisting of a finitely generated k ′ [G]-module F together with an n-th Forbenius
Definition 3.14. Let F be a G-module in Coh τ (X, A) for a k-scheme X. For any closed point x of X, let i x : Spec κ(x) → X be the closed immersion defined by x. By Theorem 2.5,
] is an abelian group via the multiplication. Then we get a homomorphism of abelian groups
In the remainder of this section, we prove the trace formula of equivariant L-functions.
Theorem 3.15. Let f : X → Y be a morphism of k-schemes. We have a commutative diagram of abelian groups
Proof. It suffices to show for any F ∈ Coh
So we may assume that G = {1}.
(1) Let 0 → F ′ → F → F ′′ → 0 be a short exact sequence in Coh τ (X, A). If the theorem holds for F ′ and F ′′ , so does it for F .
(2) Let j : U → X be an open immersion with complement i : Z → X. Suppose the theorem holds for f j and f i. Then
(3) Suppose f = gh and the theorem holds for g and h. Then the theorem holds for f .
(4) For any closed point y ∈ Y , consider the cartesian diagram
(5) The theorem holds for any finite morphism f . In fact, we may assume Y = Spec k ′ for a finite field extension k ′ /k and X is a finite k-scheme by (4). By (2), we may assume X is connected.
Let i : X red → X be the reduced subscheme of X. Then F ≃ i * i * F ∈ Crys(X, A). So we may assume that X is reduced. Then X = Spec k ′′ for a finite field extension k ′′ /k ′ . By Definition 3.13,
Let f be a general morphism. By (4) and (2), we may assume that X is affine and Y = Spec k ′ for some finite field extension k ′ /k. Choose a closed immersion i :
, we may assume f is the projection
. By (4), we may assume that f is the structure morphism
Apply (5) 
. Then we may assume that f is the structure morphism
Applying (1) to the short exact sequence 0
By Serre duality, we have
C n induces an n-th Cartier operator on
) ⊗ A which coincides with the Cartier operator defined in Theorem 2.5. Moreover,
⊕r is a common nucleus for
This completes the proof.
Another type of L-functions.
Definition 3.16. (1) A coherent τ -sheaf over A on X is a pair (F , τ F ) consisting of a coherent O X -module F and an O X ⊗ A-linear homomorphism
Then a coherent τ -sheaf (F , τ F ) over A on X is a coherent τ -sheaf (F , τ F ) over A on X together
(2) A coherent τ -sheaf over A on X is called nilpotent if the associated τ -sheaf is nilpotent. A) ) be the category of G-modules in the category of coherent (resp. nilpotent) τ -sheaves over A on X. Let Crys
. Definition 3.17. Suppose G is a finite abelian group of order prime to p.
Lemma 3.18. Suppose G is an abelian group of order prime to p. We get a homomorphism of abelian groups
v-adic L-values of shtukas on curves
In [6] , Lafforgue studied the v-adic L-values of shtukas on curves. In this section, we generalize it to an equivariant version. Let G be a finite abelian group of order prime to p. Let X be a smooth projective curve and T = Spec A a smooth affine curve over k. Let i : E → E ′ be a morphism of G-bundles on X × T such that i is isomorphic at the generic point. Let r be a positive integer.
For any 1 ≤ s ≤ r, let τ s : E → E ′ be an s-th Frobenius map over A on X.
Take a finite subset S of |X| such that S × {v} ⊃ Z(det(i)) ∩ X × {v}. Let A v be the completion of A at v and choose a uniformizer of A v which is also denoted by v. For any x ∈ |X| − S, let
x is isomorphic for any x ∈ |X| − S. 
Proof. For any n ≥ 1, let i n, x , (τ 1 ) n, x , . . . , (τ r ) n, x : E n, x → E ′ n, x be the restriction of i, τ 1 , . . . , τ r on Spec k(x) ⊗ k A/v n , respectively. If x ∈ |X| − S, then i n, x is an isomorphism. By Definition 2.4
and Theorem 2.5, we have
This proves the lemma.
Definition 4.2. We have
for some s ∈ N and g(T )
away from S is defined to be g(1).
Suppose X − S = Spec R S . Let M and M ′ be the R S ⊗A v -modules defined by E and E ′ . For any w ∈ S, let O w be the complete local ring of X at w. Let M w and M ′ w be the O w ⊗A v -modules defined by E and 
one with the left arrows and one with the right arrows. Here the morphism
w and g ∈ V ′ ) to the sum of residue of g, f w at w. (
(2) For any t ∈ N, exp(w
Let log : M w ≃ M w and log : M 
whose four vertical triangles are distinguished. Let δ be the composite
where the first and the second isomorphism are given by the first and the second vertical distinguished triangles of diagram (4.2), respectively. We have
Proof. This lemma is an equivariant version of [4, Lemma 2.5 ] and the proof is highly similar to that of [4, Lemma 2.5 ] by using the main results established in section 2 and section 3.
Proofs of Theorem 1.11 and Theorem 1.13
Recall that K is a finite extension of k(t) and L/K is a finite Galois extension of Galois group G. 1 ) ). Let X and X be the projective curves over
Let E be an abelian t-module over O K of dimension n defined by
In this section, we mainly study the special L-value L(E, ρ) for a finite dimensional F -linear
If G is an abelian group of order prime to p, we also study the equivariant special L-value L(E, G).
For any coherent sheaf F on a P
View O X as a vector bundle on X. Since O ∞ is flat over O X and K ∞ is flat over O K , we have
For any vector bundle E on X, we have a distinguished triangle of complexes of k-modules
In particular, for * = ρ or G, we have a distinguished triangle
Choose e ∈ N such that A 0 ∈ M n (Γ(X, O X (e∞))). Then e ≥ 1. We get two k[G]-linear maps
for d ≫ 0 which is also denoted by exp E . For d ≫ 0, we have
Let log E be the inverse map of
Since
whose four vertical triangles are distinguished.
where the first and the second isomorphisms are defined by (5.2) and (5.3), respectively.
where the first and the second isomorphisms are defined by the first and the second vertical triangles of diagram (5.1), respectively. Applying Theorem 3.8 to the τ -sheaf (
satisfies the assumptions of Lemma 4.3 at the prime ideal of k[t 
where the third equality holds by applying Lemma 3.18 to (5.4).
By [4, Lemma 1.7 ] , the surjective k[t]-linear map
hence q is surjective for * = ρ. Actually, the composite
Lie(E)(L ∞ ) * is also surjective. By the exact sequence
There exists a unique k[t] * -linear map η : D → C such that the following diagram commutes:
We have shown that pηπ 1 is surjective and so are pη and p. By [4, Lemma 3.2 ], we have two
we get two quasi-isomorphisms
Since X is projective, then (5.5) and (5.6) show that
By (5.5) and (5.6), the composite
By (5.2), (5.5), (5.3) and (5.6), we get two quasi-isomorphisms
By Lemma 5.1, we have
and two morphism of complexes
This means that Hom
for * = ρ or G in the sense of Definition 1.10. Then h 1 is a quasi-isomorphism by the fact
By (5.7) and (5.9), K ∈ D perf (k[t] * ). By (5.7) and (5.10),
Consider the natural morphism of triangles
Since g 1 and h 1 are quasi-isomorphisms, so is f . Since g 2 is a quasi-isomorphism, so is h 2 . Distinguished triangles (5.9) and (5.10) and γ define an isomorphism
Applying [4, Lemma 3.1 ] to (5.12) and (5.13), we have
Since h 2 is a quasi-isomorphism and
Thus we get two lattices 
* are monic, then by (5.8) and (5.14), we have
Take * = ρ or * = G if G is an abelian group of order prime to p, we have
This completes the proofs of Theorem 1.11 and Theorem 1.13 (1).
Lemma 5.2. For any k-module M and any finite F -module N , the trace map tr F/k :
For any k[G]-module M and any finite F [G]-module N , the trace map tr F/k induces an isomorphism
Proof. Let 0 = f ∈ Hom F (N, F ). Then f is surjective. By the surjectivity of tr F/k : F → k,
This proves the injectivity of Hom F (N, F )
Both sides are F -vector spaces of the same dimension, then tr F/k : Hom
is an isomorphism of F -vector spaces. The lemma follows from the canonical isomorphisms 
Proof. By Lemma 5.2, we have
So we may assume that F = k which is algebraically closed. For any character χ :
Then we may assume that G is the trivial group. In this case,
This proves Theorem 1.13 (2).
Special values of Artin L-functions of Galois representations
Recall that L/K is a finite Galois extension of Galois group G. Let p be a maximal ideal of O K and P a maximal ideal of O L above p. Let e be the ramification index of L/K at p. Let frob P be the inverse image of the Frobenius element Frob P ∈ G P /I P in G P . Then |frob P | = e.
Lemma 6.1. If L/K is abelian and tamely ramified at p, then e |κ × p |.
Proof. Let K p and L P be the complete fields of K and L at p and P, respectively. Then G P ≃ G(L P /K p ) and L P /K p is tamely ramified at p. Let M be the maximal unramified extension of
So L P /M is totally and tamely ramified. So there exists a uniformizer ξ of M such
. Since L P /M is Galois, one can choose a primitive e-th root of unity ζ in M .
Since G is abelian, we have σ(α)ζ = δ(ζ)α. Since L P /M is totally ramified, then the residue fields of M equal to κ P . Letδ ∈ G(κ P /κ p ) defined by δ andζ the image of ζ in κ P . Thenδ(ζ) =ζ.
Sinceδ generates G(κ P /κ p ), thenζ ∈ κ p . Since (e, |κ p |) = 1, thenζ is a primitive e-th root of unity in κ p and hence e |κ × p |.
Lemma 6.2. Suppose L/K is abelian and tamely ramified at p. Then
Proof. Let M = L I P and let q 1 , . . . , q r be the various prime ideals of O M above p. Then pO M = q 1 · · · q r . There exists a unique prime ideal
For any x ∈ O L , there exists y ∈ O M and z ∈ P i such that x = y + z. By the definition of frob P , we have
By Lemma 6.1, e < |κ p | and then
Lemma 6.3. Suppose L/K is abelian and tamely ramified at p. Then
Proof. For any 1 ≤ i ≤ n and δ ∈ G(κ p /k), let M i,δ be the k-vector space O L /pO L equipped with the κ p -module structure given by the composite
Moreover, φ : M i,δ → M i−1,δ corresponds to the identity map and φ : M 1,δ → M n,δτ to the q- 
1≤i≤n, δ∈G(κp/k)
Using the same method, we also have
By normal basis theorem, κ P is a free κ p [G(κ P /κ p )]-module of rank one. By the same argument of Lemma 6.3, we have the following corollary for any finite Galois extension L/K not necessary abelian or tamely ramified at p.
Corollary 6.4. We have
Lemma 6.5. Let ρ : G → GL F (V ) be a finite dimensional F -linear representation. We have
, V I P [[t −1 ]] ; (6.1)
Proof. Let P 1 , . . . , P r be the various primes of O L lying above p such that
So we may assume r = 1 and then G = G P . Let τ 0 = Lie(C ⊗n )(t) and τ 1 = C ⊗n (t) − Lie(C ⊗n )(t).
Since ((P/P e ) n , τ 0 , τ 1 ) ∈ NilCoh G τ (κ p , k), the short exact sequence 0 → P/P e → O L /P e → κ P → 0 shows
Since I P acts trivially on κ P and G/I P ≃ G(κ P /κ p ), we have
By Lemma 5.3 and Corollary 6.4, we have where the second equality holds by applying Lemma 3.18 to (6.3).
Equality (6.2) is a dual version of (6.1).
Define the trace map tr P : V I P → V I P , tr P (v) = g∈I P ρ(g)(v) for any v ∈ V I P .
Suppose L/K is tamely ramified at p. This means (p, e) = 1. For any v ∈ V I P , we have tr P ( 1 e v) = v. For any v ∈ V such that tr P (v) = 0, we have v = g∈I P 1 e (v − ρ(g)(v)) ∈ I P V . This proves that tr P is an isomorphism if L/K is tamely ramified at p. Since L/K is Galois, there are only finitely many prime ideals of O K where L/K is ramified. By Lemma 6.5, we prove Lemma 1.4 and Lemma 1.5. Lemma 6.6. Define the trace map
by tr ρ (f ⊗ x)(v) = g∈G tr F/k (f (g −1 v))gx for any f ∈ V * , x ∈ O n L and v ∈ V .
(1) The trace map tr ρ is well defined and F ⊗ k O K -linear. 
module of rank one. To prove (2) , it suffices to prove the bijectivity of
Since O L, p is a free k[G]-module, then we only need to show the bijectivity of
The proof is direct. If V is a projective F [G]-module, we may assume that V = F [G] is the regular representation reg of G. Then (3) holds by the isomorphism This means that L(C ⊗n , ρ) = λ · L(n, ρ) for some λ ∈ F (t) × . If L/K is tamely ramified at any prime ideal of O K or V is a projective F [G]-module, then L(C ⊗n , ρ) = L(n, ρ).
Proof. By Lemma 6.6 and applying Lemma 3.18 to the exact sequence
we have
The theorem holds by applying Theorem 1.11 to C ⊗n .
